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Abstract 

For modelling of various physical processes, geodesic lines and al- 
most geodesic curves serve as a useful tool. Trasformations or map- 
pings between spaces (endowed with the metric or connection) which 
preserve such curves play an important role in physics, particularly in 
mechanics, and in geometry as well. Our aim is to continue investiga- 
tions concerning existence of almost geodesic mappings of manifolds 
with linear (affine) connection, particularly of the so-called tt\ map- 
pings, i.e. canonical almost geodesic mappings of type wi according to 
Sinyukov. First we give necessary and sufficient conditions for exis- 
tence of tt\ mappings of a manifold endowed with a linear connection 
onto pseudo-Riemannian manifolds. The conditions take the form of 
a closed system of PDE's of first order of Cauchy type. Further we de- 
duce necessary and sufficient conditions for existence of 7fi mappings 
onto generalized Ricci-symmetric spaces. Our results are generaliza- 
tions of some previous theorems obtained by N.S. Sinyukov. 
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1 Introduction 



Geodesic and almost geodesic lines serve as a useful tool for modelling of 
various physical processes, and mappings between spaces (endowed with the 
metric or connecion) and trasformations which preserve such curves, play an 
important role in geometry as well as in physics, particularly in mechanics, 
optics and the theory of relativity, [8], [9], [TO] . 

Many geometric problems connected with the topic of differential geomet- 
ry are solved by means of differential equations, particularly, the problems are 
often answered by solving systems of partial differential equations (PDE's) 
for components of some geometric objects (e.g. tensors), [H El El El El EE2]- 
We intend to study here the existence problem of canonical almost geodesic 
mappings, and as we shall see, our main tool will be to construct and solve 
a suitable system of PDE's of Cauchy type that controlles the situation. 
One of characteristic properties of a system of PDE's of Cauchy type is 
that the solution of such a system depends on a finite number of real (or 
complex) parameters. Moreover, solutions of such systems can be effectively 
enumerated, eventually some approximation can be found. 

Unless otherwise specified, all objects under consideration are supposed 
to be differentiable of a sufficiently high class (mostly, differentiability of the 
class C 3 is sufficient). 

Let A n = (M, V) be an n-dimensional (C k , C°° or C^) manifold endowed 
with a linear connection V. Let c : I — > M, t h-> c(t) defined on an open 
interval / C R be a (C k , or smooth) curve on M satisfying the regularity 
condition 

c'(t) = dc(t)/dt^0 for all t E I. 

Denote by £ the corresponding (C k ~ l , or smooth) tangent vector field along c 
("velocity field"), £(t) = (c(t),c'(t)) , t G I, and let 

6 = V(£;0 = V c £, 6 = V 2 (£;£,0 = (1) 

Geodesies c(s), parametrized by canonical affine parameter (given up to the 
affine transformations s i— y as + b) , are characterized by = while un- 
parametrized geodesic curves (i.e. arbitrarily parametrized, called also pre- 
geodesics in the literature) can be characterized by the formula = A£ 
where X(t) : / — > R is a real function. 

Let D = span (X 1 ,X 2 ) (i.e. the vector fields X%, X 2 along c form a basis 
of D). Recall that D is parallel (along c) if and only if the covariant deriva- 
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tives along c of basis vector fields belong to the distribution (the property is 
independent of reparametrization of the curve) [TT| [T2"l [T5] . 

As a generalization of (an unparametrized) geodesic, let us introduce an 
almost geodesic curve as a curve c satisfying: there exists a two-dimensional 
(differentiable) distribution D parallel along c (relative to V) such that for 
any tangent vector of c, its parallel translation along c (to any other point) 
belongs to the distribution D. Equivalently, c is almost geodesic if and only 
if there exist vector fields X\, X2 parallel along c (i.e. satisfying V^Xi = a 3 Xj 
for some differentiable functions a\{t) : I — > R) and differentiable real func- 
tions b l (t), t G I along c, such that £ = b l X\ + b 2 X2 holds. For almost 
geodesic curves, the vector fields £1 and £ 2 belong to the corresponding dis- 
tribution D. If the vector fields £ and £1 are independent at any point (and 
hence the (local) curve c is not a geodesic one), we can write D = span (£, £1). 
So we get another equivalent characterization: a curve is almost geodesic if 
and only if £ 2 €= span(£,£i). 

2 Almost geodesic mappings 

Geodesic mappings of manifolds with linear connection are (C fc )-diffeomor- 
phisms characterized by the property that all geodesies are send onto (un- 
parametrized in general) geodesic curves. The classification of geodesic map- 
pings is more or less known. Recall that even for Riemannian spaces, there is 
a lack of a nice simple criterion for decision when a given Riemannian space 
admits non-trivial geodesic mappings. 

Let A n = (M, V), A n — (M, V) be n-dimensional manifolds (n > 2) each 
endowed with a torsion-free linear connection. 

We may ask which (C fc -)diffeomorphisms of manifolds send almost geodesic 
curves onto almost geodesic again. The answer is: such mappings reduce to 
geodesic ones, since there are "too many" almost geodesic curves. It appears 
that the following definition is more acceptable. 

We say that a (C fc -)diffeomorphism /: M — > M is almost geodesic if any 
geodesic curve of (M, V) is mapped under / onto an almost geodesic curve 
in(M,V). 

This concept of an almost geodesic mapping was introduced by N.S. Si- 
nyukov [TTJ, and before by V.M. Chernyshenko [3], from a rather different 
point of view. The theory of almost geodesic mappings was treated in [TT| 

□a Eg. 
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Due to the fact that / is a diffeomorphism we can accept the useful 
convention that both linear connections V and V are in fact defined on the 
same underlying manifold M, so that we can consider their difference tensor 
field of type (1,2), P = V — V, called sometimes a deformation tensor of the 
given connections under / [12], given by V(X, Y) = V(X, Y) + P(X, Y) for 
X, Y G X(M). Since the connections are symmetric, P is also symmetric in 
X, Y. Of course, we identify objects on M with their corresponding objects 
on M: a curve c on M identifies with its image c = / o c, its tangent vector 
field £(t) with the corresponding vector field £(t) = T/ (£(£)) etc. 

Besides the deformation tensor, we will use the tensor field of type (1,3), 
denoted by the same symbol P, introduced by 

P(X,Y,Z)= V Z P(X,Y)+P(P(X,Y),Z), X,Y,ZeX(M), 

CS(X,Y,Z) 

where Ylcs{ ) means the cyclic sum on arguments in brackets (i.e. sym- 
metrization without coefficients). 

Almost geodesic diffeomorphisms /: (M, V) — » (M, V) are characterized 
by the following condition on the type (1, 3) tensor P: 

P(X U X 2 ,X 3 ) AP(X 4 ,X 5 ) AX 6 = 0, Xi G X(M), z = l,...,6; 

X AY means the decomposable bivector, the exterior product of X and Y. 

N.S. Sinyukov [TTJ [121 H3] distinguished three kinds of almost geodesic 
mappings, namely 7Ti, 7r 2 , and 7r 3 , characterized, respectively, by the condi- 
tions for the deformation tensor: 

tt i: V X P(X 1 X)+P(P(X,X),X) = a(X,X)-X+b(XyP(X,X), X G X(M), 
where a G S 2 (M) is a symmetric tensor field of type (0, 2) and b is a 1-form; 

tt 2 : P(X, X) = VPO • X + (p(X) • F(X), X G AT(M), 
where ^ and y9 are 1-forms, and F is a type (1, 1) tensor field satisfying 
XxF(X) + <p{X) ■ F{F{X)) = fi(X) ■ X + g(X) ■ F(X), X G X(M) 
for some 1-forms /i, g; 

tt 3 : P(X, X) = ^(X) • X + a(X, X) • Z, X G X(M) 
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where if) is a 1-form, a G S 2 (M) is a symmetric bilinear form and Z G X(M) 
is a vector field satisfying 

V X Z = h ■ X + 6(X) ■ Z 

for some scalar function h: M — > R and some 1-form Remark that the 
above classes are not disjoint. 

3 Canonical almost geodesic mappings ff i 

We are interested here in a particular subclass of 7ri-mappings, the so-called 
7T i- mappings, or canonical almost geodesic mappings, distinguished by the 
condition 6 = 0. That is, 7fi-mappings are just morphisms satisfying 

V X P(X,X) + P(P(X,X),X) = a(X,X) -X, a G S 2 (M), X G X(M). 

In local coordinates, the condition reads 

Here and in what follows, the comma " , " denotes covariant derivative with 
respect to V, 5^ is the Kronecker delta, the round bracket denote the cyclic 
sum on indices involved. 

Any geodesic mapping is a T^-mapping (the characterizing condition can 
be checked), and any ^-mapping can be written as a composition of a 
geodesic mapping followed by a 7fi-mapping. So we can consider geodesic 
mappings as trivial almost geodesic mappings, and we will omit them in 
further considerations; they were analysed in [TJ. 

Recall that a pseudo-Riemannian space (M, g) is called a Ricci- symmetric 
spaced when the Ricci tensor is parallel with respect to the corresponding 
Levi-Civita connection V of the metric, VRic = 0. It was proven by Sinyukov 
[12], that the basic partial differential equations (PDE's) of 7fi-mappings of a 
manifold (M, V) onto Ricci-symmetric pseudo-Riemannian manifolds (M, g) 
(of arbitrary signature) can be transformed into (an equivalent) closed system 
of PDE's of first order of the Cauchy type. Hence the solution (if it exists) 
depends on a finite set of parameters. Consequently, for a manifold with a 

1 In analogy to symmetric spaces that are characterized by parallel Riemannian curva- 
ture tensor 
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symmetric connection admitting ^-mappings onto Ricci-symmetric spaces, 
the set of all Ricci-symmetric spaces (M, g) which can serve as images of the 
given manifold (M, V) under 7Ti-mappings is finite. The cardinality r of such 
a set is bounded by the number of free parameters. 

On the other hand, geodesic mappings form a subclass among ff i-mappings 
(they obey the definition). Basic equations describing geodesic mappings of 
manifolds with linear connection do not form a closed system of Cauchy type 
(the general solution depends on n arbitrary functions; if the given mani- 
fold admits geodesic mappings, the cardinality of the set of possible images 
is big). It follows that the conditions fl2]) describing 7r i -mappings of mani- 
folds, in general, cannot be transformed into a closed system of Cauchy type. 
But if we choose a suitable subclass of images and restrict ourselves (for the 
given manifold) only onto mappings with co-domain in the apropriate sub- 
class we might succeed to get an equivalent closed system of Cauchy type. If 
this is the case then the given manifold admits either non (if the system is 
non-integrable) or a finite number of 7fi-images in the given class. 

Our aim is to analyse 7Ti-mappings of manifolds onto manifolds with li- 
near connection in general, and to use the reached results for examining 7f !- 
mappings of manifolds onto (pseudo-)Riemannian spaces (in general, without 
any restrictive conditions onto the Ricci tensor), which will generalize the 
above result by Sinyukov. In the rest, we will omit "pseudo" . 

All ^-mappings /: M — > M can be described by the following system of 
differential equations [T2J Q2] : 

3{V Z P(X,Y)+P(Z,P(X,Y))) = 

(R(Y,Z)X-R(Y,Z)X)+ < X , Y ) Z - (3) 

cs(xy) cs(x,y,z) 

In what follows, we prefer to express our equalities in local coordinates (with 
respect to a map (U, (p) on M) since the invariant formulas are rather com- 
plicated. The above formula has the local expression 

3(Pij,k + PkaPij) — P{ij)k ~ P\ij)k + a (ij$k)' (4) 

where P/*, a^, i?^ fc , R^ k are local components of tensors P, a, R, and R. 
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4 Properties of the fundamental equations of 
the canonical almost geodesic mappings ffi 

Assuming 03]) as a system of PDE's for functions P^ on M, the corresponding 
integrability conditions read 

R %j)[k,t] = R (ij)[k,e] + S (i a jk),i ~ $(i a je),k + 3{PijRake ~ P a(j R i)ke)~ 

P ak( R (ij)e ~ R (ij)e S (i a j£)) + P ae( R< {ij)k ~ R(ij)k S (i a jk)) ■ 

Passing from V-R to V-R on the left hand side we get integrability conditions 
of the system (j4]) in the form 

R (ij)[k;e] — ${i a jk),e - $(i a je),k + ®%ki i (5) 

here we denoted 

®ijkt = R (ij)[k,e] + ^( P ij R ak£ ~ P a{j R( i)kl) ~ P ak( R (ij)e + ^(i a ji)) + 

ph / pa I Xa n \ pa ph pa ph i pa ph _i_ pa ph 

r aA rt {ij)k °(i a jk)) r l{i ri \a\i)k r l(i ri j)ak r k{i IX \a\j)l "T r k(i ri j)ai 

where ";" denotes covariant derivative with respect to V. 

If we apply covariant differentiation with respect to V to the integrability 
conditions (jSJ) of the system and then pass from covariant derivation V 
to V, we get 

R (ij)k;em ~ R (ij)£;mk = ^\i a jk),lm ~ ${jfij(),km + Tijklm ) (6) 

where we denoted 

rph ph pa pa ph pa ph pa ph 

1 ijklm — rL amk jrL (ij)£ JX lmk JX {ij)a ^jmk^ia^ rl imk- [x (ja)e 

P ma$(i a jk),e ~ Pmj$(i a ak),£ ~ Pmfi{a a jk)l ~ P%k$(a a ij)/ ~ P ml S [i a jk),a- 

Pma^(i a je),k + PmiS(a a je),k + Pmj^i a a£),k + Pmk\i a ji),<x ~ Pml$(i a ja),k- 

C\h I ph oa pa Cih pa Cih pa p*h pa Qh 

ijkl.m ' am ijkl mi^ajk£ mj^iakt mk ija£ ml ijka ' 

Alternating ([6]) in £,m we get 

R \ij)m;£k ~ R (ij)e;mk = $(i a jm),k£ ~ ^\i a j£),km + ^jfc[z m ] + 

ph pa I ph pa pa ph i ph pa i (n\ 

^{^ak^fimt ~r ^(ifia^kml ^(ifik^aml "+" £l a{i\k\ n 'j)m£ r I ' ) 

S (a a jk)Ri£m + $( a a ik)Rj<> m + ^(i a 'ja)RM m ~ $(i a jk)Ra£m ■ 
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Using properties of the Riemannian tensor, we rewrite (|7D as 
where the last term is 

A7"h T^/l _i_ DO ph _i_ pa ph I pa ph _ 

ly iikern — 1 ijk[£m] rL im£- n '(aj)k JX jm£ JX {ai)k ^kml^ifia 

^am£^(ij)k + ^(a a jk)Riem + $ ( a a ity Rjitm + ^{a a V)^Um ~ a (ij^k)£m ■ 

Alternating (jSJ) over j, we get 



(9) 



R h jml;ik - Rkmin - $(i a j£),km ~ S^a j m ) ,k£ ~ ^a k e),jm_+ ^km),jt- 

]\jh _i_ ph pa _i_ ph pa _i_ ph pa pa ph 

I ^i[jk]£m ~r rL ami- n 'ikj ' ^ial^mkj ' rL ima ri £kj ^imi^akj • 

Let us change mutually i and A; in flS}, and then use ©• We evaluate 

2 R jm£;ik = $(i a j£),km ~ ^a jm ) M - 5\ k aj m ),i£+ 
^fjflkm)^ - S^ak£)Jm + ^jfik),im + ^ijk£m J 

where we used the notation 

(~)h ]\rh I 7\rh ph pa I ph pa _i_ ph pa 

^ L ijk£m~ I ^ijk£m ' 2 ^ k[ij]k£m 1X1 ami 1 ^ {kj)i ^ Jx jai ri mik^~ ^jma^lik 

ph pa _i_ ph pa 1 ph pa _ ph pa _ ph pa 1 pa ph 

rx ai(j rx k)ra£ -^jal-^mik ' ^jma^iik ^aml^ikj ^iai^mkj ' rL im[i- rl a\kj ' 
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On the left side of f lTUj) . let us pass from the covariant derivation V to V: 

(11) 



0^km),j£ — &{i&kt)jm, — 3( k ajl),im + ^ijkim ' 



where 



Gh (~)h 9 T pa ph ph pa 

°ijk£m ~ ^Hjklm z V JX im£,i r £k ^ami^jk 

ph pa ph pa p/i pa 1 

( pa p/3 ph pa ph pa ph pa\ ph 

\- n 'jm£ Jr ai rt am£ Jr ij rL ja£ Jr im ^jmcx i£l 0k 

/pa ph ph pa ph pa ph pa \ pP flO\ 

\ r ^jmJ?. r aP ^otm^fij f^jal^Pm ^jma 17 j3£) r ik \ lz ) 

I pa ph ph pa ph pa ph p&\ p/^ 

l- rL /3m£- r ai JT am£- r / 9i _- n '/3a£- r im ^fima 1 ^ il) r jk 

( pa ph ph pa ph pa ph pa\ p/3 

l rL j/3^- r ai rL a/3f- r jr'i - rL ja£- r /3i rL j/3a- r ^ J-'fcm 

/pa ph ph pa ph pa ph pQ"! p/*] 

\ £x jml3 r ai £x amP r ji rt ja/3 r mi £x jma r f5i) r k£\ ' 
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5 Canonical almost geodesic mappings tti onto 
Riemannian spaces 

Let there exist a 7fi-mapping of a manifold A n = (M, V) onto a Riemannian 
manifold V n = (M, g) where g G T 2 °M is a metric tensor with components 
(jij. Recall that the Riemannian tensor Rhijk = R%k9ah of type (0, 4) satisfies 

Rhijk + Rihjk = 0. (13) 

In (IT01) . let us apply the metric tensor g h p and then use symmetrization with 
respect to h and j. According to flT3|) we get 



5i/i( a m[fcj]Z + a /[j,fc]m) + 9ij{ a rn[k,h]l + a /[h,fc]m) + 
gkh{a>m[i,j]l + + 9kj{a-m[i,h}l + Oi[ft,t]m) + 

9mh{o-k[i,j}l — a ij,kl) + <?roi(°fc[i>]J ~ a ih,kl) + 9lj\ a kh,il ~ a i{h,k)m) + 
+2g~jh{ a k{l,i)m ~ a m(i,k)l) + 9lh\ a k\j,i]m ~ a ij,km) = ~^i(j\klm,9a\h)- 



(14) 



Contraction of the last formula with the dual tensor gi h (Wg^W = \\gij\\ x ) 
gives 

Q>kl,im O j im,kl Q>km,il ^il,km n+l ^iaklm ' (l*-*) 

Let us symmetrize the above formula over k and /. From (Tl5|) we get 

20fc/,im 2o<im,kl = ^ a amRlik a aiR m lk a akR m il ~\~ a alR m ik Jr 
n+l^Hakim ilj ia(kl)mr 

Using (Tl5|) and (fT6|) the equation (fT4")) reads 



(16) 



2gih(akm,jl — ajm t kl) + 2gij(a>km,hl — 0./im,fc«) + 
^im,jl ^jm,il ) + 2^ ( "mi, 
9mk{ a ki,jl — 0>kj,il — a ij,kl) + 9mj{ a ki,hl ~ 0>kh,il ~ a ih,kl) + 
9lj(flkh,im @>i(h,k)m) 9lh\Q>kj,im ^i(k,j)m) CV/'A;W> 



(17) 



where 



Cijkhi = ~^f(j\klrn9a\h) + ^l^f a klm9jh ~ 9kha a lR m ij + 

9ih(^i^ ma ljk ~ a a*-^(m/)j _ a «? R(l\k\m) ~ a amRlkj ~ a alR m kj)^~ 
9ij\T[+l^malhk ~ a ^kRf m l)h ~ a ahR([\ k \ m ) — a am,Rfkh ~ a ctlR m kh) + 
9kh(^l^malji ~ Cl aiR'(ml)j ~ a °<jR'(l\i\m) ~ a am,Ruj + a alRmij)^~ 
9kj(^i^ ma lhi ~ a aiR( m l)h ~~ a ahRfi\i\ m ) ~ a amR?ih + a alR m ih)- 
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If we contract (ITT]) with the dual of the metric tensor, use (fTE 7 ]) and the 
Ricci identity we get 

a km,hl — akl,hm = 2 ( ra +3) (dhm^kl ~ 9hl^km) + B kmhh (18) 

where fi km = a a/ 3, km g afi , and 



Bkmhl — C a /3kmhig a ^ + 3a ma Rf hk + \{, a haR m kl + a kaR m hl a laR m hk)^~ 
L ha{kl)m! ~ 2^ maJI- ttin "'ka^^mhl u, ha ±, « m kl "la-^mfch 



n +l (^tofcfcm ^L(H)m) 2 ( a maRf km + a k a R m hl + a ha.R m kl + a ia-^n 
^+l(^Za/ifcm — ^fca(W)"J — a a(hR k )i m + ^to^lm/i + a haRf km + a maRf k h) ■ 



Now contract (TTTj) with g . According to (ITS]) we get 

gkll-^jm djlf^km 1 Qkm^jl Qikml^kl ^ ^ ^kljmj \ / 

where 

CfcZjm = C a j k l( m \p\l)g al3 — 2(n+l)(Bk(ml)j ~ a a{lR m )j k + ajaR( rn \k\l) J t~ a kaR(lrn)j)- 

Contracting ( fl9l) with and using the notation K = fJ, a pg we obtain 
components of the tensor //: 

1 n + 3 

Vjm = —Kg~im H 7 — —rTC a pj m g al3 . (20) 

n n(n + 1) 

Using f )20|) we can rewrite (ITS]) in the form 

K 

dkm,hl — a>hm,kl = 7T1 7~n\ \9mh9kl ~ gihgkm) + ^kmhli (21) 

2n(n + 3) 

where 

A krn hl = Bkmhl + 7^—7 — TT (fcC 'aBkig^ — 9wP OLBkmSf*'^ • 

2n(n + 1) 
Combining ( ITT]) and (|2T]) we get 

9jl^ih,km 9hl^ij,km 9jrrfi J ih,kl 9hmO'ij,kl 

~ n (TH-3) (9ihgki9jm — QihSkmSji + gijgkighm — gijgk m ghi+ (22) 

^9kh9il9jm — 3gkh9jl9im + 3gkj9il9hm — 3gih9jk9im) + A-ijkmhh 
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where we have denoted 

Aijkmhl = Cijkmhl ~ 2\9i(hA\km\j)l + 9k(h^-\im\jl) ~ 9m(h^\ki\j)l ~ 9l(h^-\k\j)im)) ■ 

Finally, symetrization of (j22p over the indices i,j, followed by contraction 
with g eh anables us to express second covariant derivatives of the tensor a, 

K 

0>ij,km = ~ [9ij9krn + ^9k(j9i)m) + ^4(«jr')fcma/3^° • (23) 

Now we can consider ( 123]) as the first order system of PDE's of Cauchy type 
relative to the tensor Va (i.e. in a^), find the integrability conditions and 
contract them with g l i and g km , respectively. We calculate VK, 

K,= *±*La,, (24) 
rr + on — 6 

where we denoted 



a a(j,\kR'i) mQ + a ij,aRkmg n(n+3) {9ij,[g9m]k + 9ij9k[m,g+ 
3gkj,{g9m]i + 3gkj9i{m, S ] + ^9ki,[g9m]j + ^9ki9j[m,g]) + 



gijgkm 



A —a/3 I 4 —a/3 

^■(ij)k[m\aP\,g]9 + ^(y^Ha/?^ )8 ] 

We use = I* + Pj- and get 

<7y,fc = P t a k9aj + Pf k 9ai- (25) 

Assume the tensors Va and VP, and denote their components by a^ k := 
and Rij k i '■= Rijkei respectively. Then (TIT]) and fl23|) take the form 



2Rjmli t k — 3(i a jl)k,m 8(i a jm)k,l + ^ a i0*."* ^(fc a jm)i,I + 
0^akm)j,l — °(iO>kl)j,m + ^ijklm^ 



(26) 



^ijk,m 7 ' (gijgkm + 3gk(jgi)m) + A^kmapg , (27) 

where covariant derivatives of the tensor a^ in ( 126]) are supposed to be 
expressed according to ( 1271) . the tensor S was introduced componentwise 

in am. 
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The formulas (jlj), (I2"3|) - (j2"7j) represent a closed system of Cauchy type for 
unknown functions 

9ij(x), p !j(%), a a( x )i <hjk(x), K(x), R% jk (x), R h ijkl {x), (28) 
which, moreover, must satisfy a finite set of algebraic conditions 

9M = P M = a M = a Mk = R% k ) = R \ 3 k)i = 0, debWgaWW ± 0. (29) 
So we have proven: 

Theorem 1 The given manifold A n = (M, V) admits ifi-mappings (i.e. 
canonical almost geodesic mappings of type tti) onto Riemannian spaces V n = 
(M, g) if and only if there exists solution of the mixed system of Cauchy type 
®, $M\) for the functions 

As a consequence of the additional algebraic conditions, we get an upper 
boundary for the number r of possible solutions: 

Corollary 1 The family of all Riemannian manifolds V n which can serve as 
images of the given manifold A n = (M, V), depends on at most 

-n 2 (n 2 - 1) + n(n + l) 2 + 1 

parameters. 

The above Theorem generalizes the result of Sinyukov [13] already men- 
tioned as well as his results on geodesic mappings of Riemannian spaces. 

6 Ricci-symmetric and generalized Ricci-sym- 
metric spaces 

Under a Ricci-symmetric manifold we mean a manifold (M, V) with linear 
connection for which the Ricci tensor is parallel (= covariantly constant), 

VRic = 0; 

Ricci symmetric spaces form a particular subclass. 
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It was proven in [12] that the family of all tti -mappings of a mani- 
fold (M, V) onto Ricci-symmetric (VRic = 0) (pseudo-)Riemannian spaces 
(M, g) is given by the integrable system (of Cauchy type) of partial differen- 
tiable equations (in covariant derivatives). Consequently, given a manifold 
with a symmetric connection, the family of all Ricci-symmetric Riemannian 
spaces (M, g) which can serve as images of the given manifold (M, V) under 
some 7Ti-mapping, depends on a finite set of parameters. 

On the other hand, the geodesic mappings form a subset in the set of 
7Ti-mappings; they obey the definition. But the basic equations describing 
geodesic mappings of a manifold with the linear connection do not form an 
integrable system of Cauchy type, since the general solution depends on n 
arbitrary functions. It follows that the conditions ([2]) describing Trx-mappings 
(i.e. canonical almost geodesic mappings) of manifolds do not, in general, 
induce an integrable system. 

In the following, we consider a particular case when fl2]) can be trans- 
formed into an integrable system, generalizing the results of Sinyukov. Namely, 
we will investigate 7fi-mappings of a manifold (M, V) onto the so-called ge- 
neralized Ricci-symmetric manifolds. 

A manifold (M, V) will be called a generalized Ricci-symmetric manifold 
if its Ricci tensor satisfies 

VRic (Y, Z; X) + VRic (X, Z; Y) = 0, (30) 

that is, VxRic (Y, Z) = — VyRic (X, Z). We do not a priori suppose the Ricci 
tensor be symmetric. If Ric is symmetric and (13"0"|) holds then Ric is paral- 
lel, VRic = 0, and (M, V) is a Ricci-symmetric manifold. Einstein spaces 
(Riemannian spaces characterized by the property that the Ricci tensor is 
proportional to the metric tensor) satisfy ( 130]) since they satisfy VRic = 0, 
hence are generalized Ricci-symmetric. In this sense, the generalized Ricci- 
symmetric spaces can be considered as a certain generalization of Einstein 
spaces. 

7 Almost geodesic mappings tt i onto genera- 
lized Ricci-symmetric manifolds 

Given the n-dimensional manifolds A = (M, V) and A = (M, V) with 
the corresponding curvature tensors R and R, respectively, all connection- 
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preserving mappings / : M — > M can be described by the system of differen- 
tial equations ([3]), [121 ESI E] • These formulas have the local expression (j3J. 
As we have already proved, from ([3]) it follows ([5]). Using the Bianci identity 
we can write fl5]) in local coordinates as 

Ruk;j + Rjek;i — ${i a jk),e - $(i a j£),k + <£>ijk£ > 

where ";" denotes the covariant derivative with respect to V. Contraction in 
h and k gives the following equality for covariant derivatives of components 
of the Ricci tensor Ric of V: 

Rii;j + Rj£;i = (n+ l)aij^ — + Qfj at ■ (31) 

In the following let us suppose that the manifold (M, V) is a generalized 
Ricci-symmetric space, that is, f[3"Ul) holds. In local coordinates, f[3T)l) reads 

Under this assumption, (TTHT) reads 

(n + l)a ij<e - a U;j - a ej>i = -Qf jat . (32) 
Using symmetrization in £, i gives 

1 a 2 

au,j + a £jji = --0fi| to |j) + -ciij,e ■ 

lb I i 



Now ([32]) reads 



■ Ojj^ — — Uyo^ — — &(i\£ a \jy (06) 



n J n 



Applying the covariant differentiation with respect to V to the integrability 
conditions ffl6|) . followed by passing from the covariant derivative V to V on 
the right hand side, we get 

R(ij)k;im ~ P(ij)£;mk = 3(i a jk),£m ~ ^jfljg),km + ^ijklm 5 (34) 

where 

rph p/i pa pa ph pa p/i pa jjh 

1 ijkim — iX Qimfe- rL (y)^ JX lmk JX (ij)a. rL jmfc- n '(ia)€ JX imk JX {ja)e 

P mJ(i a jk),e ~ Pmj$(i a ak),e ~ Pmi$( a a jk),£ ~ P mk$( a a ij)/ ~ P ml$(i a jk),a- 

P ma S (i a je),k + Pmi<>(a a je),k + Pm^\i a a£),k + P^ (i a jt),a ~ P^S ^d^- 
gh I ph ga pa gh pa gh pa gh pa gh 

ijk£,m ' am ijki mi ajk£ my iak£ mk ijal ml ijka ' 
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Alternating (I34p over £, m we obtain 

R(ij)m;£k ~ R\ij\l>;mk = ^{i a jm\k£ ~ S^ajfykm + ^ijfc[Z m ] + 
R(i\ak\Rj)nU + ^(ij)a^km£ ~ ^(ij)k^ame + -^a(i|fc|-^j)m£+ (35) 
5(oPjk)Riim + S(a a ik)Rje m + 5(i a j<x) R kim ~ ^(i a jk)Ra£m ■ 

Due to the properties of the Riemannian tensor, (I35I) can be written as 

R-imlJk + R!jmi;ik = ^(i a j£),km ~ $(j,Q>jm)M ~ ^ijk£m 5 (36) 

where 

Afh r-ph I pa ph I pa ph. i pa ph 

Jv ijfcfoi — 1 ijk[£m] rL ime Il {cij)k ^ JX jm£ rL (ai)k ~T~ ^krrd 11 '(ij)a 

RcmuR(ij)k + \a a jk)Ri£m + ^(a a ik)Rj£ m + °( a a ij)^Hm ~ a (ijRk)£m ' 

Let us alternate ( 155|) over j, fc. We get 

2 ^i[jk]£m JX ame JX ikj ' ^iat^mkj ' rx ima rx £kj Ix ime Ix akj ■ 

Let us change mutually i and k in ( 156|) . and then use ([37]) . We evaluate 

(38) 



2R jm£;ik - $(i a je),km - fya>jm),k£ - £(jfcO?m),tf+ 
$(iakm),j£ - 8(i0>kt)jm + 8(je0>k),im + ^ijk£m J 



where 



(~)h /yh _i_ T\jh ph pa I ph pa _i_ ph pa 

^ L ijk£m ~ ls ijk£m T" ls k[ij\k£m JX ame JX (kj)i ' JX jai- n "mik ■ n -jma JX £ik' 

ph pa I ph pa _i_ ph pa ph pa ph pa _i_ pa ph 

rL ai(J- n 'k)mi ' ri jod- rl mik ' ^jma^iik JX ame JX ikj JX iae JX mkj ' JX im[e JX a]kj ' 

On the left hand side of ( I38p . let us pass from the covariant derivative with 
respect to V to the covariant derivative with respect to V: 



where 



2R jm£,ik - ^(iajtykm - 5\fljm)M ~ ^( k a jm),i£ + 
\i^km),j£ — \i^k£),jm ~ 0(fc a j<),im + ^ijk£m > 

qh Qh _ o r pa ph ph pa 

°ijk£rn ~ ^ L ijk£m _^ V x jm£,i r lk_ rL am£,i r jk 

p/i pa ph pa ph pa i 

Jx ja£,i r mk rt jma,i- r £k - ri jm£,a Jr ik' 

I pa pP ph pa ph pa ph pa\ ph _ 

yfLjme^ai Il am£- r ij Ix jaZ r im n jma r i^ r ^ 

(pa ph ph pa ph pa ph pa\pfl _ 

\ s \jml r aP ■ r ^ami jr Pj -^jai^pm ^jrna 1 ^ pi) r ik 

I pa ph ph pa ph pa ph pa\ pP _ 

l- rt /3m£- r ai rt am£- r /3j rL /3a£- r jm f 1 '/3ma r it J ,r jk 

I pa ph ph pa ph pa ph pa\ pP 

\^jP£ r ai ^ape^ji ^JaJt^fti jjia i£ ) km 

(pa ph ph pa ph pa ph pa"! p^l 

\ rL jm,p r ai rL amp r ji rt jap r mi rL jma r (3i) r k£\ 
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(39) 



Let us introduce a (l,4)-tensor field R^ mH = Rjmn- Then we get 
From f[3"Uj) . the covariant derivative of the tensor (1401) satisfies 



(41) 



where we used fl3"3"|) . 

It can be verified that the equations (fT4l) . (I33l) . (flOl) and fj4"Tl) for the 
functions P^{x), a^x), R^ k {x) and Rij km (x) on (M, V) form an integrable 
system; the above functions must satisfy also additional algebraic conditions 

Pij(. X ) = Pji( X )i a ij( X ) = a ji{ x )i Ri(jk)( X ) = R(ijk)( X ) = ^> /^qN 

So we have succeeded to prove the following generalization of the result of 
Sinyukov [131 EE] ( we use the above notation). 

Theorem 2 Lei (M, V) 6e a manifold with linear connection and (M, V) a 
generalized Ricci- symmetric manifold. There is a tti mapping f: M — > M 
(i.e. a canonical almost geodesic mapping of type if and only if there exist 
functions P^{x), aij{x), R^ k (x) and R^j km (x) which satisfy the equations 
JI|, (ED, (gZ]), and (g§). The system of equations §L$, §M), g§ 

and forms a Cauchy type system of PDE's in covariant derivatives. 

As a consequence we obtain 

Corollary 2 The family of all generalized Ricci- symmetric manifolds, which 
can serve as an image of the given manifold (M, V) under some TTi-mapping, 
depends on at most 

-n(n + l)(2n 3 - An 2 + 5n + 3) (43) 
6 

parameters. 
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